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Abstract

In the present work, we introduced a generalized contraction result on proba-
bilistic 2-metric spaces. Some control functions are also used here. We get a
unique fixed point, that is, Tx=x for such contraction. Fixed point has an
important role in modern analysis. One corollary is also given here. An
illustrative example is given to validate our results. Some recent references
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1. Introduction
In 1906, Frechet introduced a new concept which was known as metric spaces. Many authors have taken

their interest on these spaces. This idea also opened many directions for researchers. In 1942, K. Menger
established the idea of probabilistic metric spaces in his famous work [17]. Probabilistic metric spaces are
probabilistic generalization of metric spaces. Distribution function plays the role of metric on these spaces. S.
Banach established Banach contraction mapping principle in 1922 on metric space [1]. Particular type of
probabilistic metric space is Menger space in which the triangle inequality is postulated with the help of t-
norm. Sehgal and Bharucha-Reid generalized the Banach contraction mapping principle to probabilistic
metric space in 1972 [22]. The theory of Menger spaces is an important part of stochastic analysis. Schweizer
and Sklar have described several aspects of such spaces in their book [21].

The purpose of this paper is to introduced a generalized contraction results on probabilistic 2-metric space
using some control functions. The space in which the results are deduced is a probabilistic 2-metric space
which is a probabilistic extension of 2-metric space. 2-Menger space is a special case of probabilistic 2-
metric space. The theory of Menger spaces is an important part of stochastic analysis. Some recent results on
probabilistic 2-metric space may be noted as [2, 3, 7].

In 1984, Khan, Swaleh and Sessa introduced the concept of altering distance function in their research work
on [16]. After that, this idea was generalized in various number of works. Some works may be referred as
[18, 19, 20]. The main features of the paper are given below.

1. We introduce generalized probabilistic contraction results.
2. Here we use the continuous t-norm.

3. We use two control functions.
4. Finally we get a unique fixed point for the function f, that is, f x = x.
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2. Definitions and Mathematical Preliminaries
The following definitions and mathematical preliminaries are required in our discussion.

Definition 2.1  2-metric space [11, 12]
Let X be a non empty set. A real valued function d on X x X x X is said to be a 2-metric on X if
(i) given distinct elements x, y € X, there exists an element z of X such that d(x, y, z)# 0,

(ii) d(x, y, 2) = 0 when at least two of X, y, z are equal,

(i) d(x,y, 2) = d(x, z,y) = d(y, z, x) forall X, y, z € X and

(iv) d(x,y,2z) <d(x, y, w) +d(x, w, z) + d(w, y, z) for all X, y, z, w € X,

When d is a 2-metric on X, the ordered pair (X, d) is called a 2-metric space.
Definition 2.2 [15, 21] A mapping F: R — Ris called a distribution function if it

is non-decreasing and left continuous with inf F(t) =0 and S F(t) =1  where R is the
teR teR

set of real numbers and R™ denotes the set of non-negative real numbers.
Definition 2.3 Probabilistic metric space [15, 21]
A probabilistic metric space (briefly, PM-space) is an ordered pair (X, F ), where X is a non empty
set and F is a mapping from X x X into the set of all distribution functions. The function Fy is
assumed to satisfy the following conditions for all x, y, z € X,
(i)  Fu(0)=0,
(i) Fxy(t)=1forallt>0ifandonlyifx =y,
(i) Fxy(t) = Fyx(t) forall t >0,
(iv) if Fxy(t1)) = 1 and Fy;(t2) = 1 then Fy,(t1+ t) = 1 for all ty, t,> 0.
A particular type of probabilistic metric space is Menger space in which the triangular inequality is proved with the

help of a t-norm. Shi, Ren and Wang [23] introduced the following definition of n-th order t-norm.
Definition 2.4  n-th order t-norm [23]
A mapping T:I11",[0,1] — [0,1] is called a n-th order t-norm if the following conditions are satisfied :
HT(O0,..,0=0T(@11..,1)=aforallae]0,1],
(i) T (a1, a2,, @s, ..., an) = T (a2, a1, a3, ...., an) = T (az, a3, ai, ..., an)
=...=T(az as, as, ...., an, a1),
(iii) a=>bj, i=1,2,3,....,n implies T (a1, az, as, ..., an) > T (b1, b2, bs, ...., by),
(iv) T (T (a1, az, as, ...., an), bz, bs, ...by)
=T (a, T (az a3, ...., an, b2), bs, ..., bn)
=T (a1, a2, T (as, a4...., an, bz, b3), ba, ..., by)
S =T (a1, a2, ..., an-v’ T(an, b2, b, ..., bn)). When n = 2, we have a binary t-norm,
which is commonly known as t-norm.
Definition 2.5  Menger space [15, 21]
A Menger space is a triplet (X, F, A), where X is a non empty set, F is a function defined on X x X to

the set of all distribution functions and A is a t-norm, such that the following are satisfied:
(i) Fuy(0) =0 forall x,y € X,

(i) Fxy(s)=1foralls>0ifandonly if x =,
(iii) Fxy(S) = Fyx(s) forall x, y € X, s> 0 and

(iv) Fxy(u+v) > A (Fxz(u), Fzy(v)) for allu, v>0and x, y, z € X.

The theory of these spaces is an important part of stochastic analysis. Schweizer and Sklar in their
book [21] have given a comprehensive account of several aspects of such spaces. A probabilistic 2-metric
space is a probabilistic generalization of 2-metric space. Wen-Zhi Zeng [25] introduced the concept of
probabilistic 2-metric spaces.
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Definition 2.6  probabilistic 2-metric space [25]

A probabilistic 2-metric space is an order pair (X, F) where X is an arbitrary set and F is a mapping
from X x X x X into the set of all distribution functions such that the following conditions are

satisfied:
M Fx,y,z (t)=0 for t <0 and for all x, y, z € X,
(i) Fx,y,z(t) = 1 for all t > 0 iff at least two of X, y, z are equal,

(iii) for distinct points X, y € X there exists a point z€ X such that Fx,y,z(t)# 1
fort> 0,
(iv) Fx,y,z(t) = Fx,z,y(t) = Fz,y,x(t) forall X, y, z € X and t > 0,
(v) Fx,y,w(t1) = 1, Fx,w,z(t2) = land Fw,y,z(ts) = 1then FX,y,z(ti+ to+ t3) = 1, for
all x,y, z, we Xand ty, tp, t3> 0.
The following is the special case of above definition.

Definition 2.7  2-Menger space [24]
Let X be anonempty set. A triplet(X, F, A) is said to be a 2-Menger space if Fis a mapping from X
x X x X into the set of all distribution functions satisfying the following conditions:
(i) Fx.y.z(0) =0,
(ii) Fx,y,z(t) = 1 for all t > 0 if and only if at least two of X, y, z € X are equal,

(iii) for distinct points X, y € X there exists a point z € Xsuch that Fx,y,z(t)# 1
fort>0,
(iv) Fx,y,z(t) = Fx,z,y(t) = Fz,y,x(t), forall x,y,z € Xand t > 0,
(v) Fx,y,z(t) > A(Fx,y,w(t1), FX,w,z(t2), Fw,y,z(t3))
Where ty, tz, t3> 0, 1+ to+ t3=t, X, ¥, Z, W € X and A is the 3rd order t norm.

Definition 2.8 [14] A sequence {Xn} in a 2-Menger space(X, F, A) is said to be converge to a limit x if

given €>0,0 < A <1 there exists a positive integer Ne,, such that
I:xn,x,a (8) =>1-A4 (1.1)

forall n> N, and for everya € X.

Definition 2.9 [14] A sequence {Xn} in a 2-Menger space(X, F, A) is said to be a Cauchy sequence

in X if given € > 0, 0 <A < 1there exists a positive integer Ne,, such that

I:xn,xm,a(‘g) >21-4 (1.2

for all m, n > N, and for every a € X.
Definition 2.10 [14] A 2-Menger space (X, F, A) is said to be complete if every Cauchy sequence is
convergent in X.

In 2008, Choudhury and Das established ¢-function on their works [4]. They actually extended
the concept of “altering distant function” in the context of Menger spaces. The important ¢-
function is given below.

Definition 2.11 ®-function [4]

A function ¢ : R — R is said to be a ®-function if it satisfies the following conditions:

M o(t)=0ifand only if t =0,

(i) ¢(t) is strictly monotone increasing and @(t) — oo as t — oo,
(iii) ¢ is left continuous in(0, o),
(iv) ¢ is continuous at 0.

The idea of control function has opened new possibilities of proving more fixed point results in
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Menger spaces. Many authors applied this concept to a coincidence point problems also. Some recent
references using ®-function may be noted in [2, 3, 5, 6, 8, 9] and [10].

Here we also use the y[13], the class of all continuous function satisfies the following conditions:

v : R"— R"such that y(0) = 0 and y"(an) — 0 whenever a— 0 as n — .

3. Main Results

In this section we have established one theorem, one corollary and one example. We are motivated by
the recent results of [10, 13] to construct the present paper. Here we establish the fixed point results on
probabilistic 2-metric spaces using some control functions.
Theorem 3.1 Let(X,F,A) be acomplete 2-Menger space, A is a continuous t-norm and f: X — X be a
mapping satisfying the following inequality for all x, y, a € X,

;_w(;_l} | e

fo, fy,a (¢(Ct)) I:><,y,a (¢(t))
where t > 0, 0 <c < 1,¢ is a ®-function and v is a y -function. Then f has a unique fixed point in X.
Proof.  Let xo€ X. Define a sequence {xn} in X so that X,.=f Xn.1, N € N where N is the set of

natural numbers. We suppose Xn+1= Xn for all n € N, otherwise f has trivially a fixed point.
Now, applying the inequality (3.1), we have

1 1 1
-1= -1<y| —————-1]| . (3.2)
.o (#(C1)) F . 5.2 (4(C1) Fe.a(@(D)
Obviously Fyx.a (#() >0 implies FXO,lea(qb(%)) > 0for all a €X, t>0 and so, again by applying (3.1),
we get
1 1= 1 -1<y ;t -1

Fxl,xz,a (¢(t)) foo,fxl,a (¢(t)) Fxo,xl,a(¢(g))

Repeating the above procedure successively n times, we obtain

S S P (R S

Fy xna (2(0) Fra (0(5)
Also, F, , ,(#(ct)) >0 forallaeX.
Then, following the above procedure, we have

; 1<yt ;t -1

Frona (#(C)) Frea (8(55))
In general, if we repeat the above step r times with r < n, we get

1 —— 1<y ! —-1 - (3.3)
F na ((C) Frna (P(55)
Since " (a,) —> Owhenevera, — 0, then from (3.3) forall r >0 we deduce that
r
F x a(#(C't) —>1lasn—oo. (3.4)
Now, let & >0 be given, then by using the properties of function ¢ we can find r >0 ,
such that ¢(C't) < & .Therefore, from (3.4), we get
v x,a(&) >1,8 Nn—>o0 forevery £ >0 (3.5)
We next prove that {x,} is a Cauchy sequence. If possible, let {x,} be not a Cauchy
sequence. Then there exist & > 0 and 0< A < 1 for which we can find subsequences
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{mwFand {Xn)} of {xn} with n(k) > m(k) > k such that

o J8)<1-2 . (3.6)
We take n(k) corresponding to m(k) to be the smallest integer satisfying (3.6), so that
(e)=21-1. (37

Xm(k) Xn(k)-1:8

If 51 < &, then we have

(@) < (&).

We conclude that it is possible to construct {Xmq}and {xnw}with n(k) > m(k) > k

and satisfying (3.6) and (3.7) whenever & is replaced by a smaller positive value. As ¢ is continuous
at 0 and strictly monotone increasing with ¢(0) = 0, it is possible to obtain &, > 0 such that
P(e,)<¢€.

Then, by the above argument, it is possible to obtain an increasing sequence of integers {m(k)} and
{n(k)} with n(k) > m(k) > k such that

oo (P(E2)) <1=2 (3.8)
and (9(s,))21-4 . (3.9)

m(k) Xn(k)-1:&

By (3.8), we have
1 j’ > Fxm(k) Xn(k) 1@ (¢(82)) ’

m(k) (k)@

that is,
1 1
< 1
1= F g a(8(£2))
that is,
1 1
-1< -1,
l_ ﬂ’ Fxm(k),xn(k),a (¢(‘92 ))
1
that s, A _ 1 1 < y/( ——=—1) - [using the inequality (3.1)]
1-4 Fxm(k)rxn(k)va (¢(82)) m(k) -1 %n (k)10 a( )
Repeating the above procedure successively k times, we obtain
1
<y*( -1).
4(£5)
1-4 Fxm(k)—kvxn(k)—k a (cikz)
Now, for k o0, F . (%3) =1 (since 0<c<1)

that is, w*(0) >0,

that is, <0,

A<0,
since 4 €(0,1), there is a contradiction.
Hence {xn} is a Cauchy sequence.

Since (X, F, A) be a complete 2-Menger space, therefore X,— u as n — oo, for some U € X.
Next, using the properties of function ¢, we can find t.> 0 such that ¢(t,) < £. Again x,— uasn o and
hence there exists n,€ N such that, for all n > n, (sufficiently large), we have
1 1 1
<

- 1< = i<y
Fxnﬂ, fu,a (%) I:fxn ,fu,a (¢(t2)) W( Fxn u,a (¢(%2))

Now, letting n — oo, since y(0) = 0 and the continuity of the function y, we obtain

—1), for all aeX.
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F

u, fu,a
that is,
function f has a fixed point, that is, fu = u.

Next, we establish the uniqueness of the fixed point.

(%)Zl asn — oo,

Let x and y be two fixed point of f, thatis, fx=x and fy =y.

By the properties of ¢ there exists s > 0 such that Fyya (¢(s)) > 0 for all a € X.
Then, by an application of (3.1), we have

B ST SR S
fo,fy,a (¢(S)) Fx,y,a(¢(s)) I:x,y,a (¢(%))
1
<y’ (————-1.
AIRTE
Repeating the above procedure successively n times, we obtain
L o1 gyt g
fo,fy,a (¢(S)) I:x,y,a (¢(S)) I:x,y,a (¢(Cin))

Taking limit as n — oo on both sides, we have
w" — 0, (since nyy’a(¢(cin)) -1
thatis, F, _(¢(s))=1.thatis, X=Y,

that is, the fixed point is unique.
Taking @(t) =t in the above theorem we get the following Corollary.

Corollary 3.1 Let (X, F, A) be a complete 2-Menger space and f: X — X be a mapping

satisfying the following inequality for all X, y, a € X,

sy (),
fo,fy,a (t) |:x,y,a (%)

where t > 0, 0 <c¢ < 1. Then f has a unique fixed point in X.

<y/(

The following example satisfied the above corollary.

Example 3.1 Let X = {a, B, v, 8}, A is a continuous t-norm and F be defined as
O,ift <0,

F.,, M=F, ,,(1) =70.40,ifO<t < 4,
1,ift = 4,

O,ift <O,

P o (O =Fsy (= {1, ift =1,

Then (X, F, A) is a complete 2-Menger space. If we define f: X—X as follows:
fo=3, fp=y, fy=39, f6=0 then the mappings f satisfies all the conditions of the
Corollary 3.1. Here 9 is the unique fixed point of f'in X.
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